Abstract. I prove that the adjoint variety of SL m+1 C in P(sl m+1 C) is rigid to order three.
; the normal space N x M = T x PV /T x M is spanned by e u := e 0 ⊗ (e u mod T e0 M ); and the e I ∈ V * are dual to the e I ∈ V . A priori defined on F 1 , the second fundamental form descends to a well-defined section of S 2 (T * M ) ⊗ N M over M . Similarly, differentiating (1.2) yields the Fubini cubic form Continuing in this fashion we may construct a sequence of higher order differential invariants Corollary 1.6. Let x be a smooth point of a variety X ⊂ PV . Suppose that there exists a framing e x = (e 0 , . . . , e N ) over x = [e 0 ] where the coefficients of F ℓ , F ℓ+1 , . . . , F 2ℓ−1 all vanish. If x is a (2ℓ − 1)-general point, then the coefficients of F k vanish on F 2ℓ−1 , for all k ≥ ℓ.
Remark. Loosely speaking, after taking k derivatives there will be both discrete and continuous invariants: the discrete invariants are locally constant at a k-general point.
Proof. This follows immediately from Proposition 1.4.
Unlike the second fundamental form, the
do not descend to well-defined sections over X. For this reason we call them relative differential invariants. However:
is well defined, and consists of the tangent directions to lines making contact to order k with X at x. See §2 below.
• By restricting F 3 : N * X → S 3 T * X to the kernel of F 2 = II : N * X → S 2 T * X we obtain a tensor F 3 = III ∈ S 3 T * X ⊗ N 3 on X. Here N 3 = T x PV /{T x X ⊕ II(S 2 T x X)}, and F 3 is called the third fundamental form. A series of higher order fundamental forms
.5] for details.
Griffiths-Harris rigidity
The F k play an important role in establishing the rigidity of a variety.
. A complex projective variety X ⊂ PV is uniquely determined up to projective equivalence by the infinite sequence of relative differential invariants at a smooth point x ∈ X.
The proof of the proposition is straightforward. Here is a sketch. Near a smooth point x, X may be expressed locally as a graph
There exists a local section s :
In particular, the coefficients of F k determine the Taylor series of the f u , which in turn determine X.
Definition 2.2. Two varieties X n , Y n ⊂ P N agree to order k at x ∈ X smooth and y ∈ Y smooth if there exist frames e x ∈ F 1 X and e y ∈ F 1 Y over x and y such that the coefficients of F ℓ (e x ) and F ℓ (e y ) are equal for all ℓ ≤ k.
Notice this implies
Definition 2.3. When agreement to k-th order forces agreement to all orders, then Proposition 2.1 implies that X and Y are projectively equivalent, and we say X is rigid to order k.
Remark. Any variety X meeting the conditions of Corollary 1.6 is rigid to order k = 2ℓ − 1.
Here is another perspective on rigidity. All of the varieties X to be discussed in this paper admit sub-bundles F X ⊂ F 1 X of the first-order adapted frames on which the coefficients of the F k are constant. The sub-bundles F X are maximal integral submanifolds of a Frobenius system I on GL(V ). The Frobenius system is generated by constant coefficient linear combinations of the entries of the Maurer-Cartan form on GL(V ). In particular, any other maximal integral submanifold of I is of the form g · F X , g ∈ GL(V ).
Suppose Y n agrees with X n (both algebraic varieties of P N ) to order k at a k-general point y ⊂ Y smooth . Equivalently, we may restrict to a sub-bundle
Y over an open neighborhood U ⊂ Y smooth of y on which the the coefficients of F ℓ,Y are equal to the constant coefficients of F ℓ,X , ℓ ≤ k. The variety X will be rigid to order k if and only if we may further reduce (or normalize, see §3) F k U to a sub-bundle F U which is an integral submanifold of I. When this is the case, we have g · F U ⊂ F X yielding a projective linear transformation g · U ⊂ X. As we are working with algebraic varieties, it now follows that g · Y = X.
Previous rigidity results.
2.1.1. The Segre variety. Let W * 1 and W 2 be complex vector spaces of dimensions
Landsberg has shown that X is rigid to order 2 [10] . For all k ≥ 3, the F k may be normalized to zero; and C x = C 2,x = P d1−1 ⊔ P d2−1 is the disjoint union of two linear subspaces.
2.1.2. The Veronese variety. Let W be a complex vector space of dimension n + 1 > 2, and consider the Veronese embedding X = v 2 (PW ) ⊂ P(S 2 W ) of PW . In this case |II x | = S 2 T * x X, so that C 2,x = ∅, and there exists a sub-bundle of the first order adapted frames upon which the F k = 0, k ≥ 3. Landsberg has shown that v 2 (PW ) is rigid to order three [10] . (The case v 2 (P 2 ) ⊂ P 5 was established by Griffiths and Harris [4] .) Note that, in the case that n = 2m − 1, X is the adjoint variety of of the simple Lie group Sp(W ). [9, §3.6] .) The quadric hypersurfaces are rank two compact Hermitian symmetric spaces. Landsberg has shown that any other rank two CHSS, in its minimal homogeneous embedding, is rigid to order two [11] .
Shortly after Landsberg's preprint appeared Hwang and Yamaguchi proved the following theorem: Let Y n ⊂ CP N be a complex submanifold and y ∈ Y a general point. Suppose that X is an irreducible rank r compact Hermitian symmetric space in its natural embedding, other than a quadric hypersurface. If there exist linear maps f :
then Y is projectively equivalent to X [6] . Unlike the other results mentioned in this section, Hwang and Yamaguchi's proof is not based on a moving frame calculation. Their result follows from an elegant application of representation theory, based on a theory developed by Se-ashi [14] , and a Lie algebra cohomology computation made easy by the work of Kostant [8] .
The fundamental forms F k are the only nonzero invariants of the CHSS. In particular, the F k , k ≥ 3, may be normalized to zero, so that
The interested reader will find intrinsic rigidity results for the compact Hermitian symmetric spaces in the paper [5] of Hwang and Mok.
Normalizations
Given a frame e in the fibre over a smooth point x = [e 0 ] ∈ X, consider the fibre motionẽ = g · e, g ∈ GL(V ). It will be helpful to compare the expressions for F k at e andẽ. Transformations by block diagonal matricesẽ 0 = g Letω denote the Maurer-Cartan forms atẽ ∈ F 1 , so that dẽ =ωẽ. Making use ofẽ = g e, we derivẽ
Using the two expressions on the first line we immediately see that Consequently, we see that although the subspace |F 3 | ⊂ S 3 T * x X is not well-defined over x (the subspace moves as we vary the frame e over x), it is well-defined over x modulo |II| • T * X. In particular, the zero locus C 3,x ⊂ P(T x X) of {|II|, |F 3 |} is well-defined.
Similarly (1.5,3.2) yield,
This expression corrects typos in the formula forr u abcd in [7, p. 108] . As in the case of F 3 , the subspace |F 4 | ⊂ S 4 T * x X is well-defined modulo the ideal generated by |II|, |F 3 |.
In this paper, we will be interested in the special case that g
from (3.3, refeqn:tilde3) we see that these are the fibre motions that preserve the coefficients of II and F 3 . Then the fibre variation for the coefficients of F 4 is given by 
The trace-free, rank 1 matrices
Let W be a complex vector space of dimension m + 1, and let X denote the variety of trace-free, rank one linear maps W → W . Observe that the rank one transformations may be identified with the Segre variety Seg(PW × PW 
; and this is precisely the set of trace-free, rank one matrices.
Fix the index ranges
The vectors (4.1)
Let F ⊂ GL(sl m+1 ) denote the set of all such framings. Observe that F is a sub-bundle of the first-order adapted framings over X. To see this, let η be the Maurer-Cartan form on SL(W ), so that
These 1-forms satisfy η j j = 0, and are otherwise linearly independent. Notice that e 0 ∈ X, and
This implies that the e α , e α , e 2m−1 span T e0 X, and we have a first-order adapted framing of sl(W ) over X.
4.1.
The Maurer-Cartan form on F . Now let ω denote the pull-back of the Maurer-Cartan form on GL(sl m+1 ) to F , so that de = ωe. Computations analogous to that of de 0 above assure us that the 1-forms ω 
The remaining 1-forms (those not appearing above) vanish on the pull-back. These are precisely the equations of the ϕ-pullback of the Maurer-Cartan form on GL(sl(W )). In fact, if η = η 
The first quadric in |II| above implies that the cone over C 2,x = Baseloc|II| lies in the contact hyperplane
The fourth quadric tells us that C 2,x , the set of lines osculating to order two at x ∈ X, is the disjoint union of two linear spaces
It is straightforward to confirm that the two disjoint P m−1 's making up C 2,x correspond to integrable distributions, D 1 = {0 = ω Finally, F k = 0 for all k ≥ 5. (Compute F k = 0 directly for 5 ≤ k ≤ 9, and then apply Corollary 1.6.) Hence C x = C 2,x . That is, any line osculating to order two at x ∈ X is necessarily contained in X. This is consistent with the fact that X is generated by degree two polynomials: the rank one matrices are given by the vanishing of their 2-by-2 minors.
The trace-free matrices are rigid to order three: Remark. This result is better than had been expected. Notice that the coefficients of F 4 can not be normalized to zero. This non-vanishing led Landsberg and Manivel to conjecture that the the adjoint variety of SL m+1 C was rigid to order four, but not to order three [12] . Indeed, this is the first example of a variety that is rigid to order k for which the higher order F ℓ , ℓ > k, can not all be normalized to zero. 
Remark. It suffices to assume that the coefficients of II and
Notice that f 0 ⊗ f * 1 may be identified with the symmetric product f 0 • f 0 . Therefore the adjoint variety of SL 2 C is the Veronese embedding v 2 (P 1 ) ⊂ P S 2 C 2 = P 2 . The plane conics are rigid to order five (cf. §2.1.3).
The proof of Theorem 4.6
The goal of this section is to show that the adjoint variety X ⊂ P(sl m+1 ) is rigid to order three. That is, if Y 2m−1 ⊂ P m 2 +2m−1 admits a sub-bundle F
3
U over an open neighborhood U ⊂ Y of y of the first-order adapted frame bundle on which II Y = II X and F 3,Y = F 3,X , then Y is projectively equivalent to X. Our strategy is to reduce F 3 U to a sub-bundle F 4 U on which (i) the non-zero coefficients of F 4,Y are given by (4.5), and (ii) the coefficients of F k,Y vanish for 5 ≤ k ≤ 9. Then Corollary 1.6 and Proposition 2.1 yield the desired rigidity.
The proof is structured as follows. After deriving the consequences of third-order agreement,
• The fourth-order coefficients r m0 abce are computed in §5.1. Then all coefficients (except r m0 αβγε , which is given by (4.5)) are normalized to zero. We restrict to the sub-bundle F For consistency I will continue to use the notation α, α, rather than 1, 2, but will abbreviate 2m − 1 = 3. As before 1 ≤ c, e ≤ 2m − 1 = 3. To complete the proof of Theorem 4.6 we need to do two things:
(1) show that r u abce = 0 for u = α0, mα, αα, and (2) show that ω 
Concluding remarks
The Veronese embedding v 2 (P 2m−1 ) of P 2m−1 may be identified with the adjoint variety of Sp 2m C, which is known to be rigid to order three (c.f. §2.1.2). So it is natural to ask if the adjoint varieties of the simple Lie groups are all rigid to order three.
There is some reason to hope that this is the case, as there are many similarities amongst these spaces: Given the adjoint variety of a simple Lie group it is the case that
• The F k may be normalized to zero, k ≥ 5.
• On the reduced frame bundle there is a single Fubini quartic P|F 4 | ∈ S 4 T * 1,x . Here, as in §4.2, T 1,x ⊂ T x X is a contact hyperplane.
• The Fubini cubics |F 3 | ⊂ S 3 T 1,x are the derivatives of |F 4 |. • C 2,x = C x ⊂ PT 1,x .
The adjoint varieties of SL m+1 C and Sp 2m C are degenerate in the following sense. For Sp 2m C, that single Fubini quartic is zero, and C 2,x = ∅ (cf. §2.1.2 and [10] ). In the case of of SL m+1 C, C 2,x = P m−1 ⊔ P m−1 ⊂ P T 1,x is the disjoint union of two linear spaces, and the Fubini quartic factors as the square of two quadrics. (See §4.2.) The adjoint representation fails to be fundamental for these groups.
The adjoint representation is fundamental for the remaining simple Lie groups. As a consequence, • C 2,x is a generalized minuscule variety, and the closed orbit of a semi-simple H ⊂ G in P T 1,x .
• The Fubini quartic is irreducible, and its zero locus in P T 1,x is the tangential variety of C 2,x . See [12] for details.
